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1. BASIC RESULTS 


An n-tuple of real numbers X = (21, 2%2,...,2n) is said to be increasingly ordered if x; < 
LQ S++ Say. Ife, > Go > +--+ > Ly, then X is decreasingly ordered. 

In addition, a set X = (21, %,...,@,) with “*2*-*+% — ¢ js said to be k-arithmetic 
ordered if k of the numbers x1, %2,...,2, are smaller than or equal to s, and the other n — k 
are greater than or equal to s. On the assumption that 7; < x2 <--- < x, X is k-arithmetic 
ordered if 

By Sp SS SK Up Se Sky. 


It is easily seen that 
Xy = (s — 41 + Le41,5 — Lo + Lep2,---,)8— Int Zr) 
is a k-arithmetic ordered set if X is increasingly ordered, and is an (n — k)-arithmetic ordered 
set if X is decreasingly ordered. 
Similarly, an n-tuple of positive real numbers A = (a1, d2,...,@n) with ~/a,a2---d, = 7 is 
said to be k-geometric ordered if k of the numbers aj, a2,..., @, are smaller than or equal to r, 
and the other n — & are greater than or equal to r. Notice that 


A (cH Ak+2 =) 
i io ’ prey 
ay a2 An 
is a k-geometric ordered set if A is increasingly ordered, and is an (n — k)-geometric ordered 
set if A is decreasingly ordered. 


316-07 
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Theorem 1.1. Let n > 2 and1< k <n —1 be natural numbers, and let f(u) be a function on 
a real interval I, which is convex for u > s, s € I, and satisfies 
f(x) +kf(y) => A +4) f(s) 
for any x,y € I such thatx < yandu+ky = (1+k)s. If x1, 22,...,2n € I such that 
Ly~tLat::++Ly 
n 


=S>s 


and at leastn — k of x1, %2,...,%y are smaller than or equal to S, then 
f(xi) + f(a) + +++ + flan) 2 nf (S). 


Proof. We will consider two cases: S = s and S > s. 
A. Case S = s. Without loss of generality, assume that x; < rg < +--+ < &p. Since x, + %2 + 


+++ +2, = ns, and at least n — k of the numbers 21, %2,..., 2, are smaller than or equal to s, 
there exists an integer n — k <i < n—1 such that (21, 22,...,2,) is an i-arithmetic ordered 
set, Le. 


Ye 7! a 


n: 


By Jensen’s inequality for convex functions, 


F(a) + Flee) +o + fn) = (n — 1) F (2), 


where 
— Vignt Vise t-++ +L 


; , £>8,z2E]. 
n—-i 


Thus, it suffices to prove that 
f(ti) +--+ + f(ai) + (n — A) f(z) 2 nf(s). 
Let yi, y2,.--,yi € I be defined by 
ttky=(1+k)s, cotkyo=(14+k)s, ..., 4 +ky = (1 +h)s. 
We will show that z > y; > yo >--- > y; => s. Indeed, we have 


Yi 2 Ye St Sy 


and 


l+kh—1)s +29 *++ + oq, 
k+i-—n)s+ 241 +-+- + 2p 
=(k+i-n)s+(n—i)z < kz. 


ky, =(1+k)s—2 
= ( 
Si 


Since z > y, > y2 > ++: > y; => s implies y,, yo,...,y; € I, by hypothesis we have 


f(t1) +kf(yi) 2 1 +k) f(s), 
f (#2) + kf(y2) 2 1 +k) f(s), 


f(ai) +kf(ys) = 1+ &) f(s). 


Adding all these inequalities, we get 
f(v1) + flea) +--+ + flava) + RFC) + F(y2) +--+ + Fy)] 2 11 + &) f(s). 


IV 
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Consequently, it suffices to show that 


pf(z) + (i — p) f(s) = fly) + Fe) +++ + FM), 
where p = * < 1. Let t = pz+(1—p)s,s <t < z. Since the decreasingly ordered 
vector A; = (t,s,...,5) majorizes the decreasingly ordered vector B, = (Yi, Y2,--+5 Yi), by 
Karamata’s inequality for convex functions we have 


Hoe Te) 2 Fi) ef a es 
Adding this inequality to Jensen’s inequality for the convex function 
pf(z) + (1 —p)f(s) 2 fF), 
the conclusion follows. 


B. Case S > s. The function f(u) is convex for u > S,u € I. According to the result from 
Case A, it suffices to show that 


f(x) +kfly) = (1+) f(S), 
for any x,y € I suchthatr << S <y andx+ky=(1+4)S. 
For x > s, this inequality follows by Jensen’s inequality for convex function. 
For x < s, let z be defined by x + kz = (1+ k)s. Since k(z — s) = s—a > 0 and 
k(y — z) = (14+ k)(S — s) > 0, we have 
Scec ey, £<.5 << y, 
Since x + kz = (1+ k)s and x < z, we have by hypothesis 
f(x) +kf(z) 2 A+ k)f(s). 
Therefore, it suffices to show that 
kif(y) — F(@)] 2 A+ K)LFCS) — f(s), 


which is equivalent to 


fy) -f@) , £8) = Fl) 
y—z - S—s 
This inequality is true if 
fy) ~f@ , fw) - FO) , £8) - F) 
y-2 — yrs ~— §=s © 


The left inequality and the right inequality can be reduced to Jensen’s inequalities for convex 
functions, 


Y= 2s (s+ e—s)fy) 2 Yass 2) 
and 


eso w—s)is 2 v—s)i(s); 


respectively. 


Remark 1.2. In the particular case k = n — 1, if f(x) + (n—1)f(y) = nf(s) for any x,y € I 
such that x < y and x + (n — 1)y = ns, then the inequality in Theorem}1.1 


fey) ef ta) a Fe) SF (8); 


holds for any 71,%2,...,% € I which satisfy +++" — § > s. This result has been 
established in [1] p. 143] and [2]. 
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Remark 1.3. In the particular case k = 1 (when n — 1 of x1, %0,...,2, are smaller than or 
equal to S), the hypothesis f(a) +k f(y) > (1+4) f(s) in Theorem]|I.1]has a symmetric form: 


f(x) + fly) 2 2f(s) 
for any x,y € J such that x + y = 2s. 
Remark 1.4. Let g(u) = flu Ks) ws ‘) Tn some applications it is useful to replace the hypothesis 
f(x) +kf(y) => A+) f(s) in Theorem|I.1|by the equivalent condition: 
g(x) < g(y) forany 2,ye€l suchthat r<s<y and xr+ky=(1+h)s. 
Their equivalence follows from the following observation: 
f(a) +kfly)- (+k) f(s) = Fle) — Fls) + k(F(Y) — FCs) 
= (x —s)g(x) + k(y— s)g(y) 
= (x — s)(g(z) — g(y)). 
Remark 1.5. If f is differentiable on J, then Theorem|I.I|holds true by replacing the hypothesis 
f(x) +kf(y) => (1+ 4) f(s) with the more restrictive condition: 
f(z) < f(y) forany x,yeEl suchthat r<s<y and r+ky=(1+h)s. 
> 


(1+) f(s) 


To prove this assertion, we have to show that this condition implies f(a) +k f(y) 
for any x,y € I such thatx <s <yandx+ky = (1+k)s. Let us denote 
s+tks—«2x 
F(a) = fle) + FW) ~ (+ A) = Fe) +a (A=) 1 ew) 


Since F’(x) = f’(x) — f'(y) < 0, F(x) is decreasing for x € I, x < s, and hence F(x) > 
(sg) = 0, 


Remark 1.6. The inequality in Theorem|[I.1|becomes equality for x, = r2 = --- = a4, = S. 
In the particular case S = s, if there are x,y € J such thatz < 5s <y,u+ky = (k+1)s and 
f(x) +kf(y) = (1+ k)f(s), then equality holds again for x) = x, v2 = +++ = &p_, = 8 and 
Un—kt+1 = =H IMn = Y. 


Remark 1.7. Let 7 be an integer such that n — k < 1 <n — 1. We may rewrite the inequality 
in Theorem|1.1]as either 


F(S — ay + Qn—isi) + f(S — a2 + Gn-ita) + +++ + f(S — Qn + Gn-i) 2 nf (S) 
with a; > ag > +--+: > Gp, Or 
f(S — a4 + Gig) + f(S — ae + Giga) +--+ f(S — an + 0;) = nf (S) 
with ay < ay <--- <p. 


Corollary 1.8. Letn > 2 and1 < k < n—1 be natural numbers, and let g be a function on 
(0, 00) such that f(u) = g(e") is convex for u > 0, and 


g(x) + kg(y) => (1+ k)g() 


for any positive real numbers x and y with x < y and xy" = 1. If ay, a2,..., Gn are positive 
real numbers such that ?/a,02°-++Q, = 7 > 1 and at leastn — k of a1, a2,...,@n are smaller 


than or equal to r, then 
g(a1) + g(a2) + +++ + g(an) 2 ng(r). 


Proof. We apply Theorem|I.1]to the function f(u) = g(e“). In addition, we set s = 0, S = Inr, 
and replace x with In x, y with In y, and each x; with In a;. 
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Remark 1.9. If f is differentiable on (0,00), then Corollary [1.8] holds true by replacing the 
hypothesis g(x) + kg(y) > (1+ k)g(1) with the more restrictive condition: 


xg'(x) <yg'(y) forall x,y>0O suchthat r<1l<y and sy’ =1. 


To prove this claim, it suffices to show that this condition implies g(7) + kg(y) > (1+ k)g(1) 
for all x,y > 0 with x < 1 < yand zy* = 1. Let us define the function G by 


G(x) = g(x) + kg(y) — (1+ k)gQ1) = g(x) + kg (/2) = (14 kjg(1). 


Since 


G(x) = g' (x) _ aa = rg’ (x) —99y) < 0, 


G(x) is decreasing for x < 1. Therefore, G(x) > G(1) = 0 for x < 1, and hence g(x) + 
kg(y) 2 (1+ k)g(1). 


Remark 1.10. Let 7 be an integer such that n — k <7 <n -— 1. We may rewrite the inequality 
for r = 1 in Corollary[I.8]as either 


g (=) Lg (=) ay, (=) > ng(1) 
Uy 2 In 


forv, > %>---> xX, > 0, or 


0(Ge) t(Ge) + ta(G) ea 


for 0 < 4 < tq < +++ < ap. 


Theorem 1.11. Let n > 2 and1 < k < n—1 be natural numbers, and let f(u) be a function 
on a real interval I, which is concave for u < s, s € I, and satisfies 
kf(z) + fq) <(k+1) f(s) 
for any x,y € I such thatx < yandkx+y = (k+1)s. If 21, 2%2,...,2n € I such that 
ater tin — § < sandatleastn —k of «1,%2,...,%pn are greater than or equal to S, then 
f (x1) + f(@2) +--+ + flan) < nf (5). 


Proof. This theorem follows from Theorem|I.1]by replacing f(u) by —f(—w), s by —s, S' by 
—S, x by —y, y by —2, and each x; by —2,_;4, for all 2. 


Remark 1.12. In the particular case k = n —1, if (n—1) f(x) + f(y) < nf(s) for any x,y € I 
such that x < y and (n — 1)a + y = ns, then the inequality in Theorem/1.11| 

f(xi) + flv2) +--+ + flan) < nf (S), 
holds for any 21, 22,...,2, € I which satisfy *2+-*"» — § < s. This result has been 
established in [I) p. 147] and [2]. 


Remark 1.13. In the particular case k = 1 (when n — 1 of 21, %2,..., 2, are greater than or 
equal to S), the hypothesis k f(a)+ f(y) < (k+1)f(s) in Theorem|1.11/has a symmetric form: 
f(x) + f(y) < 2f(s) for any x,y € I such that x + y = 2s. 


Remark 1.14. Let g(u) = fe) fhe), The hypothesis k f(x) + f(y) < (k + 1)f(s) in Theorem 
is equivalent to 
g(x) > g(y) forany z,yeEl suchthat r<s<y and kx+y=(k+1)s. 
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Remark 1.15. If f is differentiable on J, then Theorem holds true if we replace the hy- 
pothesis k f(x) + f(y) < (k + 1)f(s) with the more restrictive condition 


f(x) > f(y) forany z,yeJ suchthat r<s<y and kr+y=(k-+1)s. 


Remark 1.16. The inequality in Theorem[I.11|becomes equality for x, = 72 =--- = 2, =S. 
In the particular case S = s, if there are x,y € J such thatz < 5s < y, kau +y = (k+1)s and 
k f(x) + f(y) = 1+ 4) f(s), then equality holds again for 7] = --- = te = 2, Tey. =- = 


t,~1 =s and Z, = vy. 


Remark 1.17. Let 7 be an integer such that 1 < 7 < k. We may rewrite the inequality in 
Theorem |1.11/as either 


f(S — a1 + Gigi) + f(S — ag + Gig) +--+ + f(S — an + aj) < nf(S) 
with ay < a2 <--- < ap, or 
FS = + Gy) PS = Get Ope) et PS HG ie) = OS) 
with ay > ag > +--+: > ay. 


Corollary 1.18. Letn > 2 and1 < k <n -—1 be natural numbers, and let g be a function on 
(0, 00) such that f(u) = g(e") is concave for u < 0, and 


kg(x) + g(y) < (K+ 1)g(1) 


for any positive real numbers x and y with x < y and x*y = 1. If ay, a9,..., Gn are positive 
real numbers such that %/a,@2°+-G, =r <1 and at leastn — k of ay, a2,..., Gn are greater 
than or equal to r, then 

g(a) + g(a2) + +++ + g(an) < ng(r). 
Proof. We apply Theorem |I.11]to the function f(u) = g(e"). In addition, we set s = 0, 
S = Inr, and replace x with In x, y with In y, and each x; with In a;. 


Remark 1.19. If f is differentiable on (0, 00), then Corollary holds true by replacing the 
hypothesis kig(x) + g(y) < (& + 1)g(1) with the more restrictive condition: 


ag(x)>yg'(y) forall «,y>0 suchthat r<1l<y and c*y=1. 


Remark 1.20. Let 2 be an integer such that 1 < i < k. We may rewrite the inequality forr = 1 
in Corollary as either 


0(Ge) +9(GE) + t0(Z) seat) 


for 0 < 71 <@ < +++ <4y, or 


forx%,; > %>--->2,>0. 


2. APPLICATIONS 


Proposition 2.1. Letn > 2 and1 <k < n-—1 be natural numbers, and let x1, %2,...,2n be 
nonnegative real numbers such that x, + %2++::+%, =n. 


(a) [fat leastn — k of x1, %2,...,%y are smaller than or equal to 1, then 


ke? tab beet?) +O kln > + 2k)? Had +s 2): 
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(b) If at leastn —k of x1, %2,...,%, are greater than or equal to 1, then 


ei+as+---+a3t(k+1)n < (k+2)(ai +a3+--- +22). 
1 2 1 2 n 


n 


Proof. (a) The inequality is equivalent to f(a1) + f(v2) +---+ f(an) > nf(S), where S = 
tet ttn — 1 and f(u) = ku® — (1+ 2k)u*. Foru > 1, 


f"(u) = 2(3ku — 1— 2k) > 2(k—1) > 0. 


Therefore, f is convex for u > s = 1. According to Theorem[I.1]and Remark[I.4] we have to 
show that g(x) < g(y) for any nonnegative real numbers x < y such that c+ ky = 1+k, where 


ij ST ht 
u—1 
Indeed, 
gy) — 9(2) = (k — 1)a(y— 2) 2 0. 
Equality occurs for 7; = %2 = --- = XZ, = 1. On the assumption that 7, < rg <--- < &p, 
equality holds again for x1 = 0, ry = +++ = Zp_~ = Land Zp_py1 = ++ = In =1 4G. 


(b) Write the inequality as f(x1) + f(w2) +---+f(tn) < nf(S), where S = S42 Fen — ] 
and f(u) = u® — (k + 2)u?. From the second derivative, 
f"(u) = 2(8u — k — 2), 


it follows that f is concave for u < s = 1. According to Theorem and Remark we 
have to show that g(x) > g(y) for any nonnegative real numbers x < y such that ka+y = k+1, 


where 
f(u) — FQ) 


=o =(kt1)u=—k=1, 
| yu =(k- luk 


g(u) = 
It is easy to see that 
g(x) — gly) = (kK — I)a(y — x) 2 0. 
Equality occurs for 7] = %2 = --- = X, = 1. On the assumption that 7, < rg < +--+ < &, 
equality holds again for 7; = --- = v%, = 0, Ye44 = +++ = UMp_-1 = lands, =k+1. 


Remark 2.2. For k = n — 1, the inequalities above become as follows 


(n=) @i 43 teal) ee? > Qn = 1) ag Se e,) 
and 
a Pop et ee tn’ < (we l(a] ag be), 
respectively. By Remark{I.2]and Remark these inequalities hold for any nonnegative real 


numbers 21, %2,..., 2%, which satisfy 7, + %2 +---+ 2, = n (Problems 3.4.1 and 3.4.2 from 
p. 154)). 
Remark 2.3. For k = 1, we get the following statement: 

Let 71, %2,...,@, be nonnegative real numbers such that 7; + 72 +---+2%, =n. 


(a) Ifa, <---<a,_) <1<42,,, then 


y+ @y +o tay + Qn > Bay + ay +++ + 2p); 
(b) Ifa, <1 <a <---<~2,,, then 


ee t+aost-s++a3 +2n < 3(a?t+a3+---4+27). 
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Proposition 2.4. Letn > 2 and1 <k < n-—1 be natural numbers, and let x1, %2,...,% be 
positive real numbers such that x1 + %2+-++:+2%, =n. Ifatleastn —k of x1, %2,...,%n are 
greater than or equal to 1, then 

i! 1 1 Ak 


SES Ms tag lel 8 ee 24, 2 n). 
a an eas ce rs +27 —n) 


Proof. Rewrite the inequality as f(21)+f(a2)+---+f (an) <nf(S), where S = “4224 =F2n — 


land f(u) = MRO as +. For 0 <u < s=1, we have 


~~ (k+1)2 
7 8k 2 8k ~2(k — 1)? 
= = ra fa 7 eG, 
PM) = Gyan we < ea (ere =" 


therefore, f is concave on (0, 1]. By Theorem and Remark we have to show that 
g(x) > g(y) for any positive real numbers x < y such that kx + y = k + 1, where 


‘a= f(u)-— fC) — 4k(u +1) 7! 


u—1 (kK4+1)2 6 
Indeed, 
1 Ak; (y —x)(2kx —k —1)? 
Equality occurs for x; = 2 =--- = x, = 1. Under the assumption that 7, < rg < +--+ < &, 
equality holds again for 7) = --- = a, = S24, a,4; =-+++=a,_1 =1landa, = ©. 


Remark 2.5. For k = n — 1, the inequality in Proposition |2.4]becomes as follows: 


Dra. oe i A(n—-1), 5, 2, 2 

s ae ee n2 (Oy Op ee, =): 
By Remark|1.12} this inequality holds for any positive real numbers 71, %2,.. . , Z», which satisfy 
Ly +a%2+-+-+ 2, =n (Problems 3.4.5 from [I] p. 158]). 


Remark 2.6. For k = 1, the following nice statement follows: 
If 71, 2%2,..., 2p are positive real numbers such that x7; <1 <2%<-+-- <a, anda%,+%).+ 
--- +2, =n, then 


1 i 2 
5 pases 2 Pg Pee a, 
Vy v2 tn 


Proposition 2.7. Letn > 2 and1<k <n -—1 be natural numbers, and let x1, %2,...,2n be 
nonnegative real numbers such that x, + %2+-+::+%, =n. 
(a) [fat leastn — k of 1, %2,...,%, are smaller than or equal to 1, then 
1 1 Di th 1 5. 
kt l+ko? © k+1+4+k2? k+l tke? ~ 2k4+1’ 
(b) [fat leastn — k of x1,%2,...,%n are greater than or equal to 1, then 
1 | 1 n 
5 ale ws : 
k2+k+1+ka? k?+k4+1+k23 ke+k+1+kax2 — (k+1)? 


Proof. (a) We may write the inequality as f(#1) + f(v2) + --- + f(an) => nf(S), where 
S = Stettn = 1 and f(u) = Since the second derivative, 


naw - 2elah? = ki=1) 
‘i (u) = (k+14 ku?)3 ) 
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is positive for u > 1, f is convex for u > s = 1. According to Theorem|1.1|and Remark|I.4] we 
have to show that g(x) < g(y) for any nonnegative real numbers x < y such that x+ky = 1+k, 


where 
gu f= 70) _ =k +0) 

u-1 (2k +1)(K+1+4 ku?) 
Indeed, we have 

k?(y — x) 1 

= a —1-——]>0, 
IY) — 9@) = ET aye + 1 + ka) (b+ 1 + by?) (wrety z) < 
since 
il 2k —1 
sy+aty-1-7=% 7 +I) 59 

Equality occurs for 7; = %) = -+-: = £, = 1. On the assumption that 7; < %2 < +--+ < &p, 
equality holds again for x1 = 0, ry = +++ = Zp—~ = Land p_p4y1 = ++ = In =14G. 


(b) We will apply Theorem|I.11]to the function f(u) = RHE for s = S = 1. Since the 
second derivative, 
2 2.2 
f"(u) = 2k(3ku? — k? —k — i 
(hk? + ke 1 + ku*)§ 
is negative for 0 < u < 1, f is concave for 0 < u < 1. According to Remark|[I.14] we have 
to show that g(x) > g(y) for any nonnegative real numbers x < y such thatkxz +y =k+1, 


where 
tu) = = f0) _ ku +1) 
u-—1 (A+ 1)2(k? +h +1+ ku?) 
We have 
k*(y — 2) 
g(x) — g(y) = 2/12 2 9 9 
(k+1)2(k2 +k +14 ka?)(k2 +k +14 ky?) 
1 
x (+ 7 +1-ay-2-y) 20, 
since 
K+ : +1 : =f Ly" >0 
i ry—-@2-y= x ee 
Equality occurs for x] = %2 = --- = XY, = 1. On the assumption that 7, < rg < +--+ < &, 
equality holds again for 7] =--- =a, = 4, Uk “++ =p = landz, =k. 


Remark 2.8. For k = n — 1, the inequalities in Proposition |2.7|become as follows: 
1 1 1 n 


3 ans > 
n+(n—1)a3 rate ea reer 


and 
1 i i 1 Z 1 
n—n+14(n—1)a? | n?-—n+1+4(n—1)22 © n?—n+1+(n—-1)a2 ~ n 
respectively. By Remark and Remark these inequalities hold for any nonnegative 


y) 


numbers 71, %2,...,@, which satisfy 7, + v2 + ---+ 2, = n (Problems 3.4.3 and 3.4.4 from 
p. 156)). 
Remark 2.9. For k = 1, we get the following statement: 

Let 71, %2,...,@, be nonnegative real numbers such that 7; + %72+---+2%, =n. 
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(a) Ifa, <---<a4,_, <1<42,,, then 


1 1 1 n 
24+ 2? - 24+ 23 a 2-02 = z 
(b) Ifa, <1 <a <---<~2,,, then 
1 1 1 n 
342? + 34a a ee S 4 
Remark 2.10. By Theorem|I. i]and Theorem|I.11] the following more general statement holds: 
Let n > 2 and 1 < k < n—1 be natural numbers, and let 7), x2,..., x, be nonnegative real 
numbers such that 7; + vo. +-:- +2, =nS. 
(a) If S > 1 and at leastn —k of x1, %2,..., 2, are smaller than or equal to S, then 
1 1 —— 1 s n 
ktltke?  k+lt+ke? = ¢° k+l +ke? ~ k4+14kS?’ 
(b) If S < 1 and at leastn —k of x1, 2%2,...,@p, are greater than or equal to S, then 


1 1 1 ; 
Pipi iva? Piietite "Pee Papi 


Proposition 2.11. Let n > 2 and 1 < k < n—1 be natural numbers, and let ay, a2,..., dn be 
positive real numbers such that a,a2--- Gy, = 1. 
(a) [fat leastn — k of 1, %2,...,£, are smaller than or equal to 1, then 
1 1 il n 
pete 2 : 
1l+ka,; 1+kapg 1l+ka, ~~ 1+k 
(b) If at leastn —k of x1, %2,...,%, are greater than or equal to 1, then 
1 1 1 n 
Pete = : 
atk astk Qn +k 1+k 


Proof. (a) We will apply Corollary [1.8] to the function g(x) = —1_, for r = 1. The function 


1+ka’? 
ju =ae") = he has the second derivative 
ae ke“(ke“ — 1) 
PO Te ke 


which is positive for u > 0. Therefore, f is convex for u > 0. Thus, it suffices to show that 
g(x) +kg(y) > (1+k)g(1) for any x, y > 0 such that ry" = 1. The inequality g(x) + kg(y) > 
(1 + k)g(1) is equivalent to 
k 
Ze “ ae 
ye+k 1+ky— 


or, equivalently, 

y® +k—1> ky. 
The last inequality immediately follows from the AM-GM inequality applied to the positive 
numbers y*, 1,..., 1. Equality occurs for aj = ag =--- =a, = 1. 


(b) We can obtain the required inequality either by replacing each number a, with its reverse 
a in the inequality in part (a), or by means of Corollary Equality occurs for a, = ag = 
it =f, = 1, 
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Remark 2.12. For k = n — 1, we get the known inequalities 
1 1 1 


Pease eed 
l+(n-l)a,y 14+(n-1)a, 1+(n—-l)a, ~ 
and 
1 il 1 
at+tn-1l agtn-1l Q,tn—-1l 7 

which hold for any positive numbers aj, d2,...,@,, Such that aja2---a, = 1. 
Remark 2.13. Using the substitution a, = 4 i = 4 -++, Qn = 7, we get the following 
statement: 

Let n > 2 and 1 < k < n—1 be natural numbers, and let 71, %2,..., 2, be positive real 
numbers. 

(a) Ifa, > 49 >--- > xp, then 


XY L2 Xn n 


| feet zs 
Uy+ kava Lat karpse Ln t+ kx, 1+ k 
(b) If zy <a <--- <2, then 


Uy | v2 ere rn < nr 
kt, + 2X41 ktg+ Le+2 katy +r, k+1 
In the particular case k = 1, we get 
Uy | v9 Label rn es n 
+2. Lot Inte 2 
for 7, > %2 >--- > x, > 0, and 


Ly ’ XQ In 
T 


ale Se ale 
+22 2+ %3 In +X 
forO0 <4 <a <-++< ap. 


Remark 2.14, By Corollary|I.8]and Corollary we can see that the following more general 
statement holds: 


Letn > 2 and 1 < k < n—1 be natural numbers, and let a;,a2,...,a,, be positive real 
numbers such that 7/a,a2---a, =r. 
(a) If r > 1, and at least n — k of a1, a2,...,a, are smaller than or equal to r, then 
L 1 1 n 
pees = : 
l+ka, 1+kag 1+ka, ~ 1+kr 
(b) If r < 1, and at least n — k of aj,a9,...,@, are greater than or equal to r, then 
1 1 i n 
ee <= , 
a,t-k agtk ad, +k r+k 
Proposition 2.15. Let a1, d2,..., @,, be positive numbers such that a,a2--- dy, = 1. 
(a) [fay < --+<a,-1 < 1 < Gy, then 
1 1 1 n 


is ap ee = 2 
JV1+ 3a, V1+ 3a2 J/1l+3a, 2 
(b) Ifa, < 1 < ag < +++ < dy, then 
1 1 1 


+ Bee ee 
JV1+2a, V1+ 2a, J1+2a, ~ V3 
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Proof. (a) We will apply Corollary |1.8](case k = 1 and r = 1) to the function g(x) = TE: 


The function f(u) = g(e") = s-p5=x has the second derivative 


f'@= sone" — 2)(1 + 3e“)~2. 


Since f” > 0 for u > 0, f is convex for u > 0. Therefore, to finish the proof, we have to show 
that g(x) + g(y) > 2g(1) for any xz, y > 0 with ry = 1. This inequality is equivalent to 


1 x 
| > 1 
V1+32z Vrt+3~— 
1 


Using the substitution ———= = t, 0 < t < 1, transforms the inequality into 


JV1+30 
/1-—# 
—— >1-t. 
8t2 +1 


By squaring, we get t(1 — t)(2t — 1)? > 0, which is clearly true. Equality occurs for a, = a2 = 


eee 
(b) We will apply Corollary (case k = 1 and r = 1) to the function g(x) = ar. The 


function f(u) = g(e") = Jie 18 concave for u < 0, since 


f! Sete" — 1) + de") 2 <0. 


Thus, it suffices to show that g(x) + g(y) < 2g(1) for any x,y > 0 with ry = 1. This inequality 
follows from the Cauchy-Schwarz inequality, as follows 


\/ a a oe be 
1+ 2a 1+ 2y 1+ 22 1+ 2y 
(S239, = 1, 


Equality occurs for a; = a 


Remark 2.16. Using the substitution a, = me) ag = my Maa ig = ea we get the following 
statement: 
Let 71, %2,...,@, be positive real numbers. 


(a) Ifa, > ro >--- > 2, then 


Ly HOD) Ou Xn eae 
g+3a. \V 22+323_ NM gt 3g, ~ 2° 


(b) If zy <a <---< 2p, then 


\/ 321 \/ 3X2 30n 
+ Pssst <0 
@1 + 2% Bq + 273 i ee 


Remark 2.17. By Corollary and Corollary the following more general statement 
holds: 
Let a1, a2,...,@, be positive real numbers such that °/a;a2°-+@, =T. 
(a) Ifr >1landa, <---<a,_1 <r <a,, then 
1 1 1 n 
VJ 1+ 3a V 1+ 3a2 


f--- 4 = : 
J/1+3a, V/1+3r 
(b) Ifr <l anda, <r <ag <--- <a,, then 
1 1 1 n 
a pees < : 
JVl+2a, V1+ 2a, J1+2a,7~ V14+2r 
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Proposition 2.18. Let a1, a2,..., Qn be positive numbers such that a,a9--- Gy, = 1. 
(a) If ay < +++ < Gn-y < 1 < Gy, then the following inequality holds for 0 < p < po, 
where po = 1.5214 is the positive root of the equation p* — p — 2 = 0: 
1 1 1 n 
| fe eed | > : 
(p + a1)? (p+ an)* ~ (p +1) 


l (p ais ay)? T ot 
(b) Ifa, <1 < ay <-++ < ay, then the following inequality holds for p > 1+ V2: 
il 1 1 n 


ota?’ PtapP?  * Ora? ~ b+ 
Proof. (a) We will apply Corollary |1.8](case k = 1 andr = 1) to the function g(x) = pra: 
Notice that the function f(u) = g(e") = naa is convex for u > 0, because 
High EER) ay 
Dare) 
Consequently, we have to show that g(x) + g(y) > 29(1) for any x, y > 0 with xy = 1; that is 
1 1 _ 2 
(p+2)? © (pty)? ~ (p+1)?’ 


Using the substitution x + y = 2t, t > 1, the inequality transforms into 
2t? + 2pt + p* -1 st 
(2pt+p? +1)? ~ (p+1)?’ 


or, equivalently, 
=D(1+2p—p° t+ =p)? +1)] 2 0. 
It is true, because 1 + 2p — p? > p(2— p) > O and 


(1+ 2p — p*)t + (1 —p)(p? +1) > (1+ 2p — p*) + (1—p)(p? +1) 


=2+p—p*>0 
for 0 < p < po. Equality holds for a4, = ag = --- =a, = 1. 
(b) We will apply Corollary (case k = 1 and r = 1) to the function g(x) = pia The 
function f(u) = g(e") = @renz 1S concave for u < 0, since 
yay = 2202=) oo 


By Corollary |1.18} it suffices to show that g(a) + g(y) < 2g(1) for any x,y > 0 with zy = 1; 


that is 
1 1 2 


< . 
(pa)? Apa) (pe ly? 
Using the notation x + y = 2t, t > 1, the inequality becomes 


(t—1)[(p? — 2p — 1+ (P-DYY’* +] 20. 


It is true, since p?—2p—1 > 0 forp > 1+ v2. Equality holds for aj = ag =--- =a, = 1. 
Remark 2.19. Using the substitution a; = me ag = ae oe = Zo we get the following 
statement: 

Let 71, %2,...,@, be positive real numbers. 
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(a) IfO <p < po = 1.5214 and x; > rg > --- > @y, then 


(— +{ v2 tet ( tn an ae 
pr, + Xo P&Ly + £3 py aay ~~ (pr 1? 


(b) Ifp>1+V2and2, <2 <---< 2,, then 


( £1 o x9 a +( c, a2 n 
pry + £2 pty + £3 pinta.) ~ (p+1)?- 


Remark 2.20. By Corollary and Corollary the following more general statement 
holds: 
Let a1, d2,...,@, be positive real numbers such that °/a;a2°--@, =T. 
(a) Ifr > l anda, < ---: < @,_1 <r < Gp, then the following inequality holds for 
0 < p < po, where py & 1, 5214 is the positive root of the equation p? — p — 2 = 0: 
1 1 1 n 


gt uae a2 2? 
(p+a1)? (p+ az) (p+an)* ~ (p+r) 
(b) Ifr < landa, < r < ag < --+ < Gy, then the following inequality holds for 
p>1+v2: 
1 il 1 Z n 
(p+ay)? — (p+a2)? | (p+ an)? ~ (pt+r)?” 
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